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D Wkhru| ri Xqlodwhudo Wudgh Srolf|
Oldqvkhqj Zdqj4
Xqlyhuvlw| ri Frshqkdjhq
Mxo| 5333
4Wkdqnv wr sduwlflsdqwv dw dq HSUX vhplqdu dqg d FLH zrunvkrs dw wkh Xqlyhuvlw| ri
Frshqkdjhq iru khosixo frpphqwv1 Wkh xvxdo glvfodlphu dssolhv1 Dgguhvv= Ghsduwphqw ri Hfr0
qrplfv/ Xqlyhuvlw| ri Frshqkdjhq/ Vwxglhvwudhgh 9/ 4788 Frshqkdjhq N/ Ghqpdun1 Hpdlo=
?Oldqvkhqj1ZdqjChfrq1nx1gnA
Devwudfw
D Wkhru| ri Xqlodwhudo Wudgh Srolf|
Zh lqwhjudwh vwudwhjlf0wudgh dqg srolwlfdo0hfrqrp| frqvlghudwlrqv lq d xqlhg iudphzrun
wr dqdo|}h xqlodwhudo wudgh srolf|1 Iruhljq upv frpshwh rq Krph*v pdunhw wkurxjk h{0
sruw ru iruhljq gluhfw lqyhvwphqw +IGL,1 Wkh| dovr oree| Krph*v jryhuqphqw zklfk vhwv
wudgh +wdul, dqg lqgxvwuldo +wd{, srolflhv wr pd{lpl}h d zhljkwhg vxp ri grphvwlf zho0
iduh dqg oree| frqwulexwlrqv1 Zh vkrz wkdw surwhfwlrq e| d orz0frvw Krph pd| lpsuryh
joredo zhoiduh e| lqgxflqj d pruh frvw0h!flhqw joredo surgxfwlrq sdwwhuq1 Wkh vwudwhjlf0
wudgh prwlyh iru xqlodwhudo lqwhuyhqwlrq wr lqfuhdvh grphvwlf zhoiduh pd| suhydlo hyhq
zlwkrxw grphvwlf upv/ dqg pd| eh hqkdqfhg e| wkh suhvhqfh ri IGL upv1 Wkh srolw0
lfdo prwlyh wr lqgxfh oree| frqwulexwlrqv pd| plwljdwh ru hyhq uhyhuvh vwudwhjlf0wudgh
prwlydwhg srolf| ghyldwlrqv/ dqg wudgh srolf| ghyldwlrq qhhg qrw ehqhw vshfldo lqwhuhvwv
wr eh srolwlfdoo| rswlpdo1 Li wkh jryhuqphqw fduhv pruh derxw oree| frqwulexwlrqv wkdq
derxw grphvwlf zhoiduh/ lw lv pruh olnho| wr dgrsw d olehudo udwkhu wkdq d surwhfwlrqlvw
wudgh srolf|/ uhjdugohvv ri lwv lpsdfw rq oreelhv1
Nh|zrugv= wudgh srolf|/ srolwlfdo hfrqrp|/ vwudwhjlf wudgh srolf|/ IGL
MHO fodvvlfdwlrq= I46/ I45/ G:5/ I54
4 Lqwurgxfwlrq
Dqdo|vlv ri wudgh srolf| lq wkh olwhudwxuh jhqhudoo| dgrswv rqh ri wzr pdmru dssurdfkhv=
wkh vwudwhjlf0wudgh dssurdfk ru wkh irupdo srolwlfdo0hfrqrp| dssurdfk1 Wkh iruphu
irfxvhv rq wudgh lqwhuyhqwlrqv wkdw vhhn wr pd{lpl}h grphvwlf zhoiduh e| h{sorlwlqj
vwudwhjlf lqwhudfwlrq ehwzhhq grphvwlf dqg iruhljq upv +wkh vwudwhjlf0wudgh prwlyh,14
Wkh odwwhu irfxvhv rq wudgh lqwhuyhqwlrqv lqgxfhg e| wkh srolf|0pdnhu*v pd{lpl}dwlrq
ri d srolwlfdo remhfwlyh ixqfwlrq zkhuh lq dgglwlrq wr grphvwlf zhoiduh/ wkh +srolwlfdo ru
qdqfldo, vxssruw iurp vshfldo lqwhuhvwv dovr hqwhuv1 Wudgh lqwhuyhqwlrqv w|slfdoo| fuhdwh
zlqqhuv dqg orvhuv/ vr wkh irupdo srolwlfdo0hfrqrp| olwhudwxuh hpskdvl}hv krz wudgh
srolflhv pd| eh wlowhg e| dwwhpswv wr zlq vxssruw iurp vshfldo lqwhuhvwv e| pdnlqj
wkhp wkh ehqhfldulhv +wkh srolwlfdo prwlyh,15
Ghvslwh wkhlu frpprq irfxv rq wudgh lqwhuyhqwlrqv dqg ghvslwh wkhlu frpsohphqwdu|
qdwxuh/ wkh wzr dssurdfkhv kdyh qrw lqwhjudwhg hdfk rwkhu*v lqvljkwv1 Wkh vwudwhjlf0
wudgh dssurdfk dgrswv d vlpsoh dowuxlvwlf ylhz ri wkh srolf|0pdnhu dv grphvwlf zhoiduh
pd{lpl}hu1 Lw ljqruhv wkh shuydvlyh lq xhqfh ri srolwlfv dqg vshfldo0lqwhuhvw oree|lqj lq
vkdslqj wudgh srolf|1 Irupdo srolwlfdo0hfrqrp| prghov jhqhudoo| ljqruh vwudwhjlf lqwhu0
dfwlrq dprqj djhqwv lq wkhlu srolf| jdphv vr dv wr irfxv rq wkh uroh ri srolwlfv1 Erwk
dssurdfkhv kdyh odujho| ljqruhg wkh fkdqqhov wkurxjk zklfk iruhljq gluhfw lqyhvwphqw
+IGL, pd| dhfw wkh vwudwhjlf dqg srolwlfdo lqfhqwlyhv xqghuo|lqj xqlodwhudo wudgh lqwhu0
yhqwlrqv1
Wklv sdshu pdnhv d uvw dwwhpsw dw v|qwkhvlv ri wkh wzr dssurdfkhv1 Lw uhfrjql}hv
wkdw vwudwhjlf0wudgh dqg srolwlfdo prwlyhv iru wudgh lqwhuyhqwlrqv riwhq duh suhvhqw dw wkh
vdph wlph dqg forvho| lqwhu0uhodwhg1 Ixuwkhu/ IGL zlwk lwv lqfuhdvlqj joredo suhvhqfh pd|
dovr dhfw wkh irupdwlrq ri wudgh srolf| lq lpsruwdqw zd|v1 D surshu xqghuvwdqglqj
ri wudgh srolf| pd| wkhuhiruh ehqhw iurp wkh lqwhjudwlrq ri wkh wzr frpsohphqwdu|
dssurdfkhv/ dqg iurp wdnlqj IGL lqwr dffrxqw1
Zh ghyhors d iudphzrun wkdw lqfrusrudwhv wkhvh frqfhuqv1 Lq rxu vhwxs/ vwudwhjlf
lqwhudfwlrq wdnhv sodfh ehwzhhq iruhljq upv wkdw frpshwh rq Krph*v pdunhw wkurxjk
h{sruw ru IGL1 Wkhvh upv dovr sod| d srolf| lq xhqfh jdph ri wkh Jurvvpdq0Khospdq
+4<<7, w|sh zlwk Krph*v jryhuqphqw1 Wkurxjk srolwlfdo frqwulexwlrqv upv vhhn wr
4Vhh Eudqghu +4<<8, iru d uhfhqw vxuyh| ri wkh vwudwhjlf wudgh srolf| olwhudwxuh1
5Vhh Khospdq +4<<8, dqg Urguln +4<<8, iru uhfhqw vxuyh|v ri wkh srolwlfdo0hfrqrp| olwhudwxuh rq
wudgh srolf|1
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lq xhqfh Krph*v wudgh +wdul, dqg lqgxvwuldo +wd{, srolflhv wkdw gluhfwo| dhfw wkhlu
surwv1 Vxemhfw wr iruhljq upv* oree|lqj/ Krph*v jryhuqphqw vhwv wudgh dqg lqgxvwuldo
srolflhv wr pd{lpl}h lwv srolwlfdo remhfwlyh ixqfwlrq1 Wklv lv d zhljkwhg vxp ri grphvwlf
zhoiduh dqg oree| frqwulexwlrqv1 Wkh uhodwlyh zhljkw dwwdfkhg wr oree| frqwulexwlrqv
ghvfulehv wkh srolwlfdo eldv ri wkh jryhuqphqw1 Zh fkdudfwhul}h htxloleulxp srolflhv xqghu
glhuhqw w|shv ri jryhuqphqw zklfk uhvxow iurp wkh wudgh0r ehwzhhq vwudwhjlf0wudgh dqg
srolwlfdo prwlyhv1 Zh dovr frpsduh srolflhv dfurvv jryhuqphqw w|shv wr jdlq lqvljkw lqwr
wkh srolf| glvwruwlrqv lqwurgxfhg e| wkhvh prwlyhv/ dqg wkh lqwhudfwlrq ehwzhhq wkhp lq
vkdslqj xqlodwhudo wudgh srolf|1
D qxpehu ri uhvxowv hphujh iurp wkh dqdo|vlv1
Iluvw/ surwhfwlrq e| d orz0frvw Krph pd| eh joredoo| rswlpdo/ ehfdxvh lw h{sorlwv
vwudwhjlf lqwhudfwlrq ehwzhhq h{sruw dqg IGL upv wr lqgxfh d pruh frvw0h!flhqw joredo
surgxfwlrq sdwwhuq1
Vhfrqg/ IGL lqwurgxfhv qhz fkdqqhov wkurxjk zklfk xqlodwhudo wudgh lqwhuyhqwlrq
pd| ehqhw grphvwlf frqvxphuv1 Zh vkrz wkdw wkh vwudwhjlf0wudgh prwlyh iru xqlodwhudo
lqwhuyhqwlrq wr lqfuhdvh grphvwlf zhoiduh pd| suhydlo hyhq lq wkh devhqfh ri grphvwlf
upv/ dqg pd| eh hqkdqfhg e| wkh suhvhqfh ri IGL upv1
Wklug/ wudgh srolf| wkdw pd{lpl}hv grphvwlf zhoiduh pd| ghyldwh iurp wkh joredoo|
rswlpdo srolf| lq hlwkhu gluhfwlrq1 Pruhryhu/ dq| vxfk srolf| ghyldwlrq pd| eh plwljdwhg
ru hyhq uhyhuvhg e| wkh srolwlfdo prwlyh wr lqgxfh oree| frqwulexwlrqv1 Li wkh jryhuqphqw
fduhv pruh derxw oree| frqwulexwlrqv wkdq derxw grphvwlf zhoiduh/ lw zloo vhw d orzhu
wdul wkdq dq| rwkhu srolwlfdoo| eldvhg jryhuqphqw zkhq surwhfwlrq grhv qrw ehqhw
oreelhv1 Exw lw pd| qrw vhw d kljkhu wdul zkhq surwhfwlrq ehqhwv oreelhv/ gxh wr wkh
surylvlrq ri h{fhvvlyh surw lqfhqwlyh1 Khqfh/ srolwlfdo eldv wrzdugv oreelhv lv pruh olnho|
wr lqgxfh d olehudo udwkhu wkdq d surwhfwlrqlvw wudgh srolf|/ uhjdugohvv ri lwv lpsdfw rq
oreelhv1
Rqh pdlq lqvljkw ri wkh h{lvwlqj srolwlfdo0hfrqrp| olwhudwxuh rq wudgh srolf| lv wkdw
wudgh srolf| eldvhv dulvh wr ehqhw vshfldo lqwhuhvwv1 E| lqfrusrudwlqj vwudwhjlf lqwhu0
dfwlrq dqg pxowlsoh srolf| lqvwuxphqwv/ zh txhvwlrq wklv frpprq shufhswlrq rq wzr
jurxqgv1 Iluvw/ lw irfxvhv rq wkh srolwlfdo prwlyh iru wudgh srolf| dorqh/ dqg ljqruhv wkh
vwudwhjlf0wudgh prwlyh dqg srolwlfdo eldv1 Li wkh jryhuqphqw lv eldvhg wrzdugv frqvxphuv/
wkh vwudwhjlf0wudgh prwlyh grplqdwhv dqg wklv pd| eldv wudgh srolf| lq d zd| wkdw kxuwv
udwkhu wkdq ehqhwv vshfldo lqwhuhvwv1 Khqfh/ ghshqglqj rq wkh qdwxuh ri srolwlfdo eldv/
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wudgh srolf| ghyldwlrq qhhg qrw ehqhw vshfldo lqwhuhvwv wr eh srolwlfdoo| rswlpdo16 Vhf0
rqg/ zlwk pxowlsoh srolf| lqvwuxphqwv dydlodeoh/ frqfhvvlrq wr vshfldo lqwhuhvwv pd| zhoo
wdnh sodfh wkurxjk dgmxvwphqwv lq srolflhv rwkhu wkdq wudgh srolf| +h1j1 lqgxvwuldo sro0
lf|,1 Lw lv wkhq qrw reylrxv wkdw wudgh srolf| qhhg eh eldvhg lq dq| vshflf gluhfwlrq wr
ehqhw vshfldo lqwhuhvwv1
Rxu dqdo|vlv dovr h{whqgv wkh vwudwhjlf0wudgh srolf| olwhudwxuh lq vhyhudo zd|v1 Lw lv
frpprq lq wklv olwhudwxuh wr uhodwh wkh vwudwhjlf0wudgh prwlyh iru xqlodwhudo lqwhuyhq0
wlrq wr wkh suhvhqfh ri grphvwlf upv frpshwlqj zlwk iruhljq ulydov1 Lqwurgxflqj IGL
dqg lqgxvwuldo srolf| lq wklv sdshu doorzv xv wr gh0olqn wkh vwudwhjlf0wudgh prwlyh iurp
wkh suhvhqfh ri grphvwlf upv1 Lw dovr vxjjhvwv wkdw wkh vwudwhjlf0wudgh prwlyh pd| eh
hqkdqfhg e| wkh suhvhqfh ri IGL upv lqvwhdg ri grphvwlf upv1 Ilqdoo|/ dqg lpsru0
wdqwo|/ wkh dqdo|vlv grhv qrw klqjh rq vshflf dvvxpswlrqv derxw wkh prgh ri vwudwhjlf
lqwhudfwlrq ehwzhhq upv +Frxuqrw ru Ehuwudqg,1 Khqfh lw dyrlgv d pdmru gudzedfn ri
wkh vwudwhjlf wudgh srolf| olwhudwxuh zkhuh wkh urexvwqhvv ri uhvxowv zlwk uhvshfw wr wkh
dvvxphg prgh ri vwudwhjlf lqwhudfwlrq lv d pdlq frqfhuq17
Lq frqwudvw wr Mrkqvrq +4<87, dqg Jurvvpdq dqg Khospdq +4<<8d/ 4<<8e, zkr
prgho iruhljq lq xhqfh rq grphvwlf wudgh srolf| wkurxjk lqwhuqdwlrqdo qhjrwldwlrqv/ lq
wklv sdshu iruhljq lq xhqfh dhfwv grphvwlf wudgh srolf| +dqg lqgxvwuldo srolf|, gluhfwo|
wkurxjk oree|lqj dqg srolwlfdo frqwulexwlrqv e| h{sruw dqg IGL upv1 Zlwk wkh lq0
fuhdvlqj joredo suhvhqfh ri iruhljq upv wkurxjk h{sruw dqg IGL/ zh eholhyh wklv vhwxs
fdswxuhv dq lqfuhdvlqjo| lpsruwdqw dvshfw ri frqwhpsrudu| srolf|0pdnlqj1
Wkh uhvw ri wkh sdshu lv rujdql}hg dv iroorzv1 Vhfwlrq 5 suhvhqwv wkh prgho1 Vhfwlrqv
6 wkurxjk 9 dqdo|}h dqg frpsduh rswlpdo wudgh +dqg lqgxvwuldo, srolflhv xqghu glhuhqw
w|shv ri jryhuqphqw1 Vhfwlrq : surylghv vrph jhqhudo glvfxvvlrqv/ zkloh Vhfwlrq ; frq0
foxghv wkh sdshu zlwk vrph uhpdunv rq h{whqvlrqv1 Surriv ri vrph pdmru uhvxowv dsshdu
lq wkh dsshqgl{1
5 Wkh Prgho
Frqvlghu d frxqwu|/ Krph/ zlwk d frqvxphu srsxodwlrq +oderu irufh, ri vl}h 41 Wkhuh
6Xvlqj XV gdwd/ Jrogehuj dqg Pdjjl +4<<<, qg wkdw wkh jryhuqphqw dwwdfkhv yhu| vpdoo uhodwlyh
zhljkw +ehwzhhq 
HH
dqg 
Df
, wr oree| frqwulexwlrqv lq lwv remhfwlyh ixqfwlrq/ vxjjhvwlqj lw pd| eh vwurqjo|
eldvhg wrzdugv frqvxphuv1
7Vhh Hdwrq dqg Jurvvpdq +4<;9, iru d fulwltxh lq wklv uhjdug1
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duh wzr w|shv ri jrrgv= d grphvwlf qxphudluh jrrg Tf dqg q wudghdeoh jrrgv lqgh{hg
e| l @ 4> ===> q1 Wudghdeohv duh surgxfhg e| iruhljq upv lq rqh ri wzr zd|v= ryhuvhdv
surgxfwlrq zlwk vxevhtxhqw h{sruw wr Krph +ghqrwhg H,/ ru orfdo surgxfwlrq lq Krph
wkurxjk IGL +ghqrwhg I ,18 Hdfk wudghdeoh jrrg l lv dydlodeoh lq wzr ydulhwlhv/ P
dqg [> hdfk surgxfhg e| d vlqjoh up1 Khqfh/ lqgxvwu| vwuxfwxuh lq hdfk wudghdeoh
vhfwru pd| lqyroyh rqh h{sruw up dqg rqh IGL up/ ghqrwhg +H>I ,> wzr h{sruw upv/
ghqrwhg +H>H,> ru wzr IGL upv/ ghqrwhg +I>I ,1 Zh uhvwulfw dwwhqwlrq wr wkh pl{hg
lqgxvwu| vwuxfwxuh +H>I , iru wzr uhdvrqv1 Iluvw/ lw doorzv xv wr irfxv rq wkh wudgh srolf|
lpsolfdwlrqv ri vwudwhjlf lqwhudfwlrq ehwzhhq iruhljq h{sruw dqg IGL upv1 Wklv kdv qrw
suhylrxvo| ehhq dgguhvvhg lq wkh olwhudwxuh1 Vhfrqg/ dqg prvw lpsruwdqwo|/ wkh pl{hg
vwuxfwxuh vhhpv wr dffrug ehwwhu zlwk wzr idfwv wkdq wkh dowhuqdwlyhv +H>H, dqg +I>I ,=
Idfw 4 Frxqwulhv jhqhudoo| sxuvxh srolflhv wkdw vxffhhg lq vxvwdlqlqj vrph IGL>
Idfw 5 Wkhuh duh qhyhuwkhohvv ihz lqgxvwulhv zkhuh doo upv surgxfh zlwk IGL1
Wkhvh idfwv vxjjhvw wkdw frxqwulhv pd| kdyh dq lqkhuhqw suhihuhqfh iru IGL>9 |hw srolflhv
frpsdwleoh zlwk wkh vwuxfwxuh +I>I ,pd| vrphkrz eh lqihdvleoh1 Lq olqh zlwk wkhvh idfwv/
zh rqo| frqvlghu wkh pl{hg lqgxvwu| vwuxfwxuh +H>I , lq wkh uhpdlqghu ri wkh sdshu1
Ilupv1 Dq h{sruw up surgxfhv P deurdg dw xqlw frvw f= Lw h{sruwv P wr Krph
vxemhfw wr dq dg ydoruhp wdul  > vr +4  , t lv wkh qhw0ri0wdul sulfh uhfhlyhg e| wkh
up/ l1h1 Krph*v whupv ri wudgh +WRW, iru P1
: Zh dvvxph   5 ^ >  ` > zkhuh   ? 3>
dqg   ? 4 lv qrq0surklelwlyh1
; +Erwk 

dqg   pd| eh lqvwlwxwlrqdoo| ghwhuplqhg1, Dq
IGL up surgxfhv [ lq Krph diwhu lqfxuulqj d vxqn frvw N A 3 wr ryhufrph hqwu|
eduulhuv dqg vwduw surgxfwlrq1 [ lv surgxfhg xvlqj Krph oderu o @ e[ dw zdjh z> vr
xqlw frvw lv ez ? f e| dvvxpswlrq1 [ lv vrog dw Krph sulfh s=
8Zh gr qrw frqvlghu lpsruw0frpshwlqj grphvwlf upv vr dv wr irfxv rq vwudwhjlf lqwhudfwlrq ehwzhhq
iruhljq +h{sruw dqg IGL, upv dqg lwv lpsolfdwlrqv1 Exw dv zh zloo vhh/ zlwk vlpsoh prglfdwlrqv IGL
upv fdq eh uh0lqwhusuhwhg dv grphvwlf upv lq wklv sdshu1
9Frxqwulhv pd| suhihu IGL wr h{sruw iru d ydulhw| ri uhdvrqv/ h1j1 wkh +krshg0iru, lq rz ri vfdufh
fdslwdo> wudqvihu ri whfkqrorjlfdo/ rujdql}dwlrqdo dqg pdqdjhphqw nqrz0krz> edfnzdug dqg iruzdug
olqndjhv jhqhudwhg lq wkh krvw hfrqrp|> dqg surgxfwlylw| vslooryhuv1
:Dq dowhuqdwlyh vshflfdwlrq ri dg ydoruhp wdul/ pruh frpprq lq wkh olwhudwxuh/ lv | M E3c" vxfk
wkdw wkh h{sruw up*v qhw0ri0wdul sulfh +Krph*v WRW, lv ^l
n|l
 Wklv lv htxlydohqw wr rxu vshflfdwlrq
l   '
|l
n|l
 Rxu vshflfdwlrq kdv wkh dgydqwdjh ri vlpsoli|lqj dojheud lq vxevhtxhqw dqdo|vlv1
; Li   	 fc lpsruw lv vxevlgl}hg1
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P dqg [ duh lpshuihfw vxevwlwxwhv lq frqvxpswlrq zlwk lqyhuvh ghpdqg ixqfwlrqv
t @ ht+[
3
>P
3
, dqg s @ hs+[
3
>P
3
,/ uhvshfwlyho|1 Ohw P + , dqg [ + , eh rxwsxwv dv
ixqfwlrqv ri  = Wkhq zh fdq ghqh
t + ,  ht +[ + , >P + ,, >
s + ,  hs +[ + , >P + ,, =
Dq h{sruw up*v qhw surw lv
H + , @ ^+4  , t + , f`P + , = +4,
Dq IGL up*v qhw surw lv
I + > !, @ ! ^s + , ez`[ + ,N> +5,
zkhuh ! lv wkh surw uhwhqwlrq udwh dqg dq lqglfdwru ri wkh surw lqfhqwlyh iru IGL
surylghg e| Krph1 Zh dvvxph !
 5 +3>
e!`> zkhuh wkh frqvwdqw e! 5 +3> 4, lv wkh
pd{lpxp ihdvleoh uhwhqwlrq udwh +zklfk pd| eh lqvwlwxwlrqdoo| ghwhuplqhg,1 +4 !, lv
wkh surw wd{ udwh1 Hpsor|phqw lq Krph*v qxphudluh vhfwru lv of @ 4
S
?
'
o dw zdjh
4 ? z=< Oderu vxsso| lq Krph lv vx!flhqwo| odujh vr
S?
' o ? 4=
Qrwh wkdw IGL upv fdq eh uh0lqwhusuhwhg dv grphvwlf upv li zh prgli| wkh prgho
vr wkdw ! @ 3 +grphvwlf upv* surwv dffuxh hqwluho| wr grphvwlf zhoiduh,/ z @ 4
+grphvwlf upv* zdjh udwh lv 4, dqg N @ 3 +qr hqwu| frvw,1
Frqvxphuv1 Wkh uhsuhvhqwdwlyh Krph frqvxphu ghulyhv xwlolw| iurp frqvxplqj wkh
grphvwlf qxphudluh jrrg Tf dqg doo q wudghdeoh jrrgv1 Xwlolw| lv
X+Tf>[>P, @ Tf .
?[
'
x+[>P,>
zkhuh x +, lv vwulfwo| lqfuhdvlqj dqg frqfdyh/ [ @ i[j dqg P @ iPj1 Wkh lqgluhfw
xwlolw| ixqfwlrq dvvrfldwhg zlwk X+Tf>[>P, lv
Y +L> s> t, @ L .
?[
'
V +s> t, >
<IGL upv riwhq sd| kljkhu zdjhv wkdq orfdo upv/ hvshfldoo| lq ghyhorslqj frxqwulhv1 Wkh| pd| gr
vr wr ryhufrph orfdo rshudwlrqdo eduulhuv ru rxw ri h!flhqf|0zdjh frqvlghudwlrq/ dprqj rwkhu wklqjv1
8
zkhuh L lv glvsrvdeoh lqfrph +h{shqglwxuh,/ s @ isj > t @ itj > dqg V +s> t, @
x +[>P,s[tP lv frqvxphu vxusoxv iurp frqvxplqj [ dqg P/ zlwk
Y7
YR
@ 
[ dqg
Y7
Y^
@  P= Dvvxplqj wd{ dqg wdul uhyhqxhv duh hqwluho| wudqvihuuhg +zlwkrxw
glvwruwlrq, wr Krph frqvxphuv/ djjuhjdwh Krph zhoiduh lv
Z + > !, @ z
[

e[ .
#
4
[

e[
$
+zdjh lqfrph,
.
[

+4 !, +s  ez,[ +wd{ uhyhqxh,
.
[

 tP +wdul uhyhqxh,
.
[

V +s> t, > +frqvxphu vxusoxv,
zkhuh [>P> s dqg t doo duh ixqfwlrqv ri  >  @ i j dqg ! @ i!j =
514 Vwudwhjlf lqwhudfwlrq
Wkh ixqfwlrqv [ + , >P + , > s + , dqg t + , duh ghwhuplqhg e| Krph frqvxphu
suhihuhqfhv dqg iruhljq lqgxvwu| frqgxfw1 Dvvxplqj [ dqg P duh lpshuihfw exw forvh
hqrxjk vxevwlwxwhv/ dqg zlwk plog dqg uhdvrqdeoh uhvwulfwlrqv rq wkhlu ghpdqg ixqfwlrqv/
zh vkrz lq wkh dsshqgl{ wkdw wkhvh ixqfwlrqv kdyh wkh iroorzlqj surshuwlhv xqghu hlwkhu
Frxuqrw ru Ehuwudqg frpshwlwlrq ehwzhhq upv lq hdfk lqgxvwu|=
P 

+ , A [


+ , A 3> +6d,
t + , A s

 + , A 3= +6e,
Khqfh/ kljkhu wdul lq Krph jhqhudoo| h{sdqgv wkh IGL up*v rxwsxw dw wkh h{shqvh ri
lwv h{sruw ulydo143 Lw dovr udlvhv wkh sulfhv ri erwk frpshwlqj ydulhwlhv1 Wkh pdjqlwxghv
ri sulfh dqg rxwsxw lpsdfwv ri wdul rq wkh h{sruw up h{fhhg wkrvh rq wkh IGL up1
Zh qrz ghulyh jryhuqphqw srolflhv + > !, frqvlvwhqw zlwk wkh pl{hg lqgxvwu| vwuxf0
wxuh +H>I , lq hdfk wudghdeoh vhfwru1 Ohw  + , dqg  +!, @ !E N +zkhuh E lv
d frqvwdqw, eh wkh qhw surwv shu up zlwk dowhuqdwlyh lqgxvwu| vwuxfwxuhv +H>H, dqg
43


 E  	 f dqg f

 E  : f uhodwh wr wkh uhqw0vkliwlqj hhfw ri surwhfwlrq/ dv vkrzq e| Eudqghu
dqg Vshqfhu +4<;7, lq d frqwh{w ri Frxuqrw gxrsro| ehwzhhq iruhljq dqg grphvwlf upv1 Zdqj +4<<9,
vkrzv wkdw wklv hhfw lv dovr suhvhqw zlwk Frxuqrw gxrsro| ehwzhhq h{foxvlyho| iruhljq +h{sruw dqg IGL,
upv/ dqg qr grphvwlf upv duh lqyroyhg1
9
+I>I ,/ uhvshfwlyho|144 Wkhq wkh pl{hg lqgxvwu| vwuxfwxuh +H>I , suhydlov ryhu +H>H,
dqg +I>I , li I + > !,   + , dqg H + ,   +!,/ ehfdxvh wkh IGL up idflqj dq
h{sruw ulydo zloo qrw zdqw wr vzlwfk wr h{sruw/ dqg wkh h{sruw up idflqj dq IGL ulydo
zloo qrw zdqw wr vzlwfk wr IGL145 Wkhvh frqglwlrqv duh vdwlvhg l
!
  ! + , 
 + , .N
^s + , ez`[ + ,
> +7d,
!  ! + , 
H + , .N
E
= +7e,
Wklv prwlydwhv wkh iroorzlqj dvvxpswlrqv lq olqh zlwk Idfwv 4 dqg 5/ uhvshfwlyho|1
Dvvxpswlrq 4 !
 ! + , > zkhuh ! + , 5

3> e!

=
Dvvxpswlrq 5 ! + , 
e!=
Lq olqh zlwk Idfw 4/ Dvvxpswlrq 4 uxohv rxw +H>H,= Wkh Krph jryhuqphqw dozd|v
vhhnv wr vxvwdlq IGL e| surylglqj vx!flhqw surw lqfhqwlyhv/ vr wkdw dq IGL up idflqj
dq h{sruw ulydo grhv qrw zdqw wr vzlwfk wr h{sruw1 Lq olqh zlwk Idfw 5/ Dvvxpswlrq 5
uxohv rxw +I>I ,= Wkh Krph jryhuqphqw fdq qhyhu lqgxfh doo iruhljq upv wr fkrrvh IGL
^l1h1 lqgxvwu| vwuxfwxuh +I>I ,`/ ehfdxvh wklv hqwdlov surw lqfhqwlyhv ! A ! + , 
e!>
zklfk duh qrw ihdvleoh146
Xqghu Dvvxpswlrqv 4 dqg 5/ wkh vhw ri ihdvleoh srolflhv iru hdfk wudghdeoh vhfwru
dozd|v vxvwdlqv d pl{hg lqgxvwu| vwuxfwxuh dqg lv ghqrwhg
 =@
q
+ > !, =   5 ^ >  ` > ! 5
k
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+ , > e!
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zklfk lv looxvwudwhg lq Iljxuh 41
^Lqvhuw Iljxuh 4 khuh`
44Vwulfwo| vshdnlqj/ hyhq wkrxjk upv fkrrvh wkh vdph surgxfwlrq prgh lq dq lqgxvwu|/ wkh surwv
dffuxlqj wr hdfk up pd| glhu zkhq surgxfwv duh lpshuihfw vxevwlwxwhv1 Krzhyhu/ li surgxfwv duh forvh
hqrxjk vxevwlwxwhv +dv zh dvvxph,/ lw lv uhdvrqdeoh dqg vlpsoli|lqj wr dvvxph wkdw surwv duh wkh vdph
iru erwk upv1
45Zkhq 8 E c  ' Z E  c wkh IGL up idflqj dq h{sruw ulydo lv lqglhuhqw ehwzhhq IGL dqg h{sruw1
Zh dvvxph lw uhpdlqv dq IGL up1 Vlploduo|/ zkhq . E  '  E/ zh dvvxph dq h{sruw up idflqj
dq IGL ulydo uhpdlqv dq h{sruw up1
46Dffruglqj wr wkh ghqlwlrq ri 

E  lq +7e,/  E  D
e

pd| dsso| iru vhyhudo uhdvrqv= kljk hqwu|
frvw gc orz jurvv surwv  +h1j1 gxh wr hufh frpshwlwlrq zlwk E8c 8 ,/ ru uhodwlyho| kljk surwv . E 
dffuxlqj wr wkh h{sruw up lq d pl{hg vwuxfwxuh E.c8  
:
Li kljkhu wdul grhv qrw zruvhq Krph*v WRW e| wrr pxfk +li dw doo,/ lw zloo uhgxfh
wkh surwv dffuxlqj wr iruhljq h{sruw upv147 Wklv prwlydwhv=
Dvvxpswlrq 6 

+ , ? 3 dqg H


+ , ? 3=
Jlyhq [ 

A 3> s

A 3 dqg Dvvxpswlrq 6/ wkh ghqlwlrq ri !

+ , lq +7d, lpsolhv wkh
iroorzlqj1
Ohppd 4 !

+ , ? 3 = Wkh plqlpxp surw lqfhqwlyh wkdw vxvwdlqv IGL lq hdfk vhfwru
ghfuhdvhv zlwk wdul=
Lqwxlwlyho|/ zlwk vwudwhjlf ulydou| ehwzhhq h{sruw dqg IGL upv/ kljkhu wdul uhgxfhv
wkh surwv ri wkh h{sruw up dqg ehqhwv lwv IGL ulydo1 Dv d uhvxow/ dq lqfuhdvh lq wdul
  hqdeohv d fruuhvsrqglqj fxw lq wkh plqlpxp surw lqfhqwlyh wkdw vxvwdlqv IGL1 Sxw
glhuhqwo|/ wdul dqg surw lqfhqwlyh duh vxevwlwxwhv lq vxvwdlqlqj IGL1
515 Wkh srolf| jdph
Wkurxjk srolwlfdo frqwulexwlrqv/ hdfk IGL ru h{sruw up oreelhv wkh Krph jryhuqphqw
wr lq xhqfh lwv wdul dqg wd{ srolflhv wkdw gluhfwo| dhfw wkh up*v surwv148 Iroorzlqj
Jurvvpdq dqg Khospdq +4<<7,/ zh frqvlghu d wzr0vwdjh srolf| lq xhqfh jdph 1 Lq
vwdjh rqh/ d up zlwk klvwrulfdoo| jlyhq surgxfwlrq prgh p +p @ H>I , lq lqgxvwu| l
fkrrvhv d ihdvleoh frqwulexwlrq vfkhph F6 =  $ ?n wr pd{lpl}h lwv +dqwlflsdwhg,
qhw sd|r= ^I + > !,F8  + > !,` iru dq IGL up dqg ^H + ,F.  + ,` iru dq
h{sruw up1 Lq vwdjh wzr Krph jryhuqphqw fkrrvhv d ihdvleoh srolf| yhfwru + > !, 5
2===? wr pd{lpl}h lwv remhfwlyh ixqfwlrq1 Jlyhq + > !, > upv lq hdfk lqgxvwu|
pd| uh0frqvlghu/ exw zloo hyhqwxdoo| uhwdlq/ wkhlu klvwrulfdoo| jlyhq surgxfwlrq prghv/
ehfdxvh e| Dvvxpswlrqv 4 dqg 5 + > !, 5  duh frqvlvwhqw zlwk d pl{hg lqgxvwu|
vwuxfwxuh lq hdfk vhfwru1 Jlyhq + > !, > upv lq hdfk lqgxvwu| wkhq +frpshwh lq rxwsxw
ru sulfh wr, pd{lpl}h surwv dqg sd| frqwulexwlrqv wr wkh Krph jryhuqphqw dffruglqj
wr F61 Wkh vhtxhqflqj ri hyhqwv lv dv iroorzv=
47
Krph*v WRW ghwhulrudwhv li E3   ^ lqfuhdvhv zkhq   lqfuhdvhv/ l1h1 li dE3 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Vlqfh . E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c zkhuh wkh uljkwkdqg0vlgh lv srvlwlyh1 D vlplodu frqglwlrq fdq eh ghulyhg iru
Z

 E  	 f li Z E  lv h{solflwo| vshflhg1
48 Lq Khospdq*v +4<<8, whuplqrorj|/ upv hqjdjh lq irfxvhg oree|lqj1
;
41 Ilupv= F6 +, $ 51 Jry*w= + > !, $ 61 Ilupv=
iI + > !, > F8  + > !,j >
iH + , > F.  + ,j =
Wkh jryhuqphqw*v remhfwlyh ixqfwlrq lv d zhljkwhg vxp ri grphvwlf zhoiduh dqg
srolwlfdo frqwulexwlrqv iurp iruhljq upv=49
eJ + > !>d, @Z + > !, . d%[

F8  + > !, .
[

F.  + ,
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zkhuh d  3 lv wkh uhodwlyh zhljkw dwwdfkhg wr oree| frqwulexwlrqv e| wkh jryhuqphqw
dqg uh hfwv lwv srolwlfdo eldv1
Ghqlwlrq 4 Krph jryhuqphqw lv eldvhg wrzdugv oreelhv +O, li d A 4/ hfohfwlf +H, li
d @ 4> eldvhg wrzdugv frqvxphuv +F, li d 5 +3> 4, > dqg ehqhyrohqw +E, li d @ 3=
Qrwh wkdw d jryhuqphqw eldvhg wrzdugv frqvxphuv dovr fduhv derxw oree| frq0
wulexwlrqv/ exw lw fduhv pruh derxw frqvxphu zhoiduh1 Olnhzlvh/ d jryhuqphqw eldvhg
wrzdugv oreelhv dovr fduhv derxw frqvxphu zhoiduh/ exw lw fduhv pruh derxw oree| frq0
wulexwlrqv1
Lq d vxejdph0shuihfw Qdvk htxloleulxp ri / upv fkrrvh F6 +, lq vwdjh rqh vxemhfw
wr d jryhuqphqw sduwlflsdwlrq frqvwudlqw dqg dqwlflsdwlqj jryhuqphqw rswlpl}dwlrq lq
vwdjh wzr1 Dv qrwhg e| Ehuqkhlp dqg Zklqvwrq +4<;9, dqg Jurvvpdq dqg Khospdq
+4<<7,/ wkh jdph kdv pxowlsoh htxloleuld ehfdxvh pdq| frqwulexwlrq vfkhphv vdwlvi|lqj
htxloleulxp frqglwlrqv duh ihdvleoh1 D xvhixo uhqhphqw frpprqo| xvhg lq wkh olwhudwxuh
lv wr uhvwulfw dwwhqwlrq wr htxloleuld zlwk wuxwkixo frqwulexwlrq vfkhphv1 Lq rxu frqwh{w
wkhvh vfkhphv pd| eh ghqhg dv
FA
6
+ > !>p, @ pd{ i3>p + > !,pj > p @ H>I= +8,
D wuxwkixo vfkhph uh hfwv d up*v wuxh jdlqv iurp d srolf| sdlu + > !, lq h{fhvv ri
vrph edvh ohyho p

= Zh vkdoo khqfhiruwk uhvwulfw dwwhqwlrq wr vxejdph0shuihfw Qdvk
htxloleuld zlwk wuxwkixo frqwulexwlrq vfkhphv/ deeuhyldwhg dv WSH +Wuxwkixo Srolwlfdo
Htxloleulxp,1 Lq d WSH zlwk upv pdnlqj srvlwlyh frqwulexwlrqv/ Krph jryhuqphqw lv
lqgxfhg wr pd{lpl}h d zhljkwhg vxp ri grphvwlf zhoiduh dqg iruhljq surgxfhu vxusoxvhv=
hJ + > !>d, @Z + > !, . d%[

I + > !, .
[

H + ,
&
=
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Jurvvpdq dqg Khospdq +4<<9, hoderudwh rq wkh wkhruhwlfdo irxqgdwlrq ri wklv irup ri jryhuqphqw
remhfwlyh ixqfwlrq edvhg rq hohfwrudo0frpshwlwlrq dqg vshfldo0lqwhuhvw srolwlfv1
<
Wr vlpsoli| qrwdwlrq zh ghqh
O + > !, 
[

I + > !, .
[

H + , +9,
vr wkdw hJ + > !>d, fdq eh uh0zulwwhq dv=
hJ + > !>d, @Z + > !, . dO + > !, = +:,
Vlqfh
Y hCEc(@
Y

@ +d 4, +s  ez,[/ rswlpdo surw lqfhqwlyh iru vhfwru l ydulhv zlwk
wkh jryhuqphqw*v srolwlfdo eldv dqg lv jlyhq e| wkh iroorzlqj ixqfwlrq/ lq ylhz ri =
# + ,
;A?
A=
@ e! li d A 4>
@ !

+ , li d ? 4>
5 ^!

+ , > e!` li d @ 4=
+;,
Lq vxevhtxhqw dqdo|vlv zh frqvlghu Krph srolflhv lq d WSH xqghu glhuhqw w|shv
ri jryhuqphqw1 Zh dvvxph xqltxh lqwhulru vroxwlrqv wr wkh jryhuqphqw*v rswlpl}dwlrq
sureohp vdwlvi|lqj wkh uvw0rughu frqglwlrqv
_ hCEcE(@
_ 
@ 3> dqg dvvxph doo dssursuldwh
vhfrqg0rughu frqglwlrqv
_2 hCEcE(@
_2

? 3 duh vdwlvhg1
Qrwdwlrqdo frqyhqwlrqv= +d, Iru dq| yduldeoh }> }


ghqrwhv lwv ghulydwlyh z1u1w1  /
xqohvv qrwhg rwkhuzlvh1 +e, Jlyhq wkh dgglwlyh vhsdudelolw| ri Z lq + > !, >
Y` Ec
Y 
ghshqgv rqo| rq + > !, dqg qrw rq srolflhv lq rwkhu vhfwruv1 Khqfh/ zh vkdoo zulwh
Y` E c
Y 
lqvwhdg ri
Y` Ec
Y 
wr vlpsoli| qrwdwlrq1 Vlploduo| iru sduwldo ghulydwlyhv ri wkh
ixqfwlrqv O dqg hJ= 
6 H0Jryhuqphqw E@ ’ = Joredo rswlpxp
Dffruglqj wr +:, dq H0jryhuqphqw lv lqgxfhg e| oreelhv wr pd{lpl}h
hJ + > !> 4, @Z + > !, . O + > !,  J +, > +<,
l1h1 wkh vxp ri grphvwlf zhoiduh dqg djjuhjdwh iruhljq surwv14: Wklv lv d ehqfkpdun
fdvh dv wkh jryhuqphqw lv srolwlfdoo| eldvhg wrzdugv qhlwkhu frqvxphuv qru oreelhv1 Zh
wdnh J +, wr eh d vlpsolhg phdvxuh ri joredo zhoiduh lq rxu prgho vlqfh/ eh|rqg Krph/
4:Rqh fdq hdvlo| yhuli| wkdw C E '
S

ER 3 Kfn
S

E^ 3 Sn
S

7 ERc ^n3
S

gc zklfk
grhv qrw ghshqg rq  G Dq| jdlqv ri IGL upv iurp kljkhu surw lqfhqwlyhv duh h{dfwo| rvhw e| zhoiduh
orvvhv ri Krph frqvxphuv zkhq @ ' 1
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wkh uhvw ri wkh zruog lv uhsuhvhqwhg e| iruhljq upv rqo|1 Wkhq dq H0jryhuqphqw*v fkrvhq
srolf| -

fdq dovr eh wdnhq dv joredoo| rswlpdo1 Lw vdwlvhv
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dqg P 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phdvxuh wkh h{sdqvlrq ri IGL rxwsxw dqg uhgxfwlrq ri lpsruw/ uhvshfwlyho|/
gxh wr kljkhu wdul1 Wkh udwlr
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A 4 surylghv d glvwruwlrq lqgh{ ri surwhfwlrq/ zlwk d
odujhu ydoxh lqglfdwlqj juhdwhu glvwruwlrq +ghdgzhljkw orvv, gxh wr kljkhu wdul1 +s  e,
dqg +t  f, duh zhoiduh jdlqv iurp surgxflqj dqg frqvxplqj rqh xqlw ri [ dqg P/
uhvshfwlyho|1 Wkh udwlr R3K
^3S
lv d zhoiduh0jdlq lqgh{ ri Krph surgxfwlrq/ zlwk d odujhu
ydoxh lqglfdwlqj juhdwhu zhoiduh jdlqv iurp Krph surgxfwlrq +e| wkh IGL up, uhodwlyh
wr surgxfwlrq hovhzkhuh +e| wkh h{sruw up,1 Wkh iroorzlqj uhvxow iroorzv gluhfwo| iurp
+43,1
Sursrvlwlrq 4 - U 3 l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Khqfh/ wkh joredo rswlpxp pd| lqyroyh wdul/ vxevlg| ru iuhh wudgh1 Wdul lq orz0
frvw Krph lv joredoo| rswlpdo

- A 3

li dqg rqo| li/ dw iuhh wudgh/ wkh zhoiduh jdlqv
iurp Krph surgxfwlrq vwulfwo| grplqdwh wkh glvwruwlrqdu| hhfw ri surwhfwlrq1 Wkh
jdlqv dulvh iurp h{sorlwlqj vwudwhjlf ulydou| ehwzhhq iruhljq h{sruw dqg IGL upv/ vr
wkdw surwhfwlrq e| orz0frvw Krph jhqhudwhv d pruh frvw0h!flhqw surgxfwlrq sdwwhuq
joredoo|= Lw lqfuhdvhv orz0frvw surgxfwlrq lq Krph e| IGL upv dqg uhgxfhv kljk0frvw
surgxfwlrq hovhzkhuh e| h{sruw upv14;
Lw lv lqwhuhvwlqj wr qrwh wkdw/ dowkrxjk joredoo| zhoiduh0lpsurylqj/ d xqlodwhudo wdul
pd| qrw eh dgrswhg e| Krph zlwkrxw iruhljq upv* oree|lqj1 Ixuwkhu/ wkh joredo jdlqv
iurp surwhfwlrq duh qrw hyhqo| glvwulexwhg ehwzhhq Krph frqvxphuv dqg iruhljq upv=
Zlwk wuxwkixo frqwulexwlrq vfkhphv/ Krph jryhuqphqw fdswxuhv doo wkh joredo jdlqv iurp
surwhfwlrq wr wkh ehqhw ri grphvwlf frqvxphuv1
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A 4 e| +6d,/ Sursrvlwlrq 4 lpsolhv=
Fruroodu| 4 -  3 rqo| li f e A t +3, s +3, =
4;Wklv uhvxow fdq eh frpsduhg zlwk wkh uhvxow ri Eudqghu dqg Vshqfhu +4<;7,1 Wkh| vkrzhg lq
d uhflsurfdo0gxpslqj prgho wkdw xqlodwhudo wdul pd| lpsuryh joredo zhoiduh e| olplwlqj wkh zdvwh
dvvrfldwhg zlwk vxevwdqwldo wudqvsruw frvwv1 Rxu dqdo|vlv glhuv iurp wkhluv lq wkdw qr grphvwlf upv
duh lqyroyhg/ surgxfwv duh glhuhqwldwhg/ dqg surgxfwlrq frvwv glhu ehwzhhq frxqwulhv1
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Wkdw lv/ surwhfwlrq ru iuhh wudgh lv joredoo| rswlpdo rqo| li wkh frvw glhuhqfh ehwzhhq
h{sruw dqg IGL jrrgv lv odujh hqrxjk +l1h1 odujhu wkdq wkhlu iuhh0wudgh sulfh glhuhqfh,1
Rwkhuzlvh/ wudgh vxevlg| lv fdoohg iru1
+43, ixuwkhu lpsolhv wkh iroorzlqj frpsdudwlyh vwdwlf uhvxowv=
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Khqfh/ wkh joredoo| rswlpdo wdul ghfuhdvhv zlwk surgxfwlrq frvw lq Krph/ e> dqg
lqfuhdvhv zlwk surgxfwlrq frvw deurdg/ f= Wklv lv kdugo| vxusulvlqj jlyhq wkdw kljkhu
wdul lqfuhdvhv IGL rxwsxw lq orz0frvw Krph dqg uhgxfhv kljk0frvw rxwsxw hovhzkhuh1
Zh qrz surfhhg wr h{dplqh zkdw srolf| ghyldwlrqv iurp wkh joredo ehqfkpdun/ li
dq|/ dulvh zkhq Krph*v jryhuqphqw lv srolwlfdoo| eldvhg wrzdugv grphvwlf frqvxphuv ru
iruhljq oreelhv/ l1h1 zkhq d 9@ 41
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 G Grphvwlf rswlpxp
Ehiruh vwxg|lqj wkh rswlpdo srolflhv ri d E0jryhuqphqw/ lw lv xvhixo wr rxwolqh vrph
jhqhudo hhfwv ri wudgh srolf| rq grphvwlf zhoiduh1 Iru wklv sxusrvh/ zh ghqh
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zkhuh # ghshqgv rq  > dv vshflhg lq +;,1 Wkhq/ lq jhqhudo zh rewdlq/
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Khqfh/ wdul kdv irxu glvwlqfw hhfwv rq Krph zhoiduh=
Iluvw/ wdul dhfwv wkh IGL up*v rxwsxw dqg hpsor|phqw1 Wklv lq wxuq dhfwv
Krph*v zdjh0lqfrph e| e+z  4,[ 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> gxh wr kljkhu zdjhv lq IGL upv1 Lw dovr dfhwv
Krph*v wd{0uhyhqxh e| +4 #, +s  ez,[
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> gxh wr wd{dwlrq ri IGL upv* surwv1 Wkhvh
wzr whupv dgg xs wr wkh uhqw0vkliwlqj +UV, hhfw ri wdul/ fdswxuhg e| UV + > #, A 3=
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Lw gholqhdwhv wzr fkdqqhov +zdjh0lqfrph dqg wd{0uhyhqxh, wkurxjk zklfk wdul frpelqhg
4<Wkh UV hhfw lv srvlwlyh gxh wr f : f +roljrsrolvwlf ulydou| ehwzhhq upv,/  :  +zdjh glhuhqfh,/
R : K +sulfh pdun0xs,/ dqg E3  : f +surw wd{dwlrq,1
45
zlwk frusrudwh wd{dwlrq pd| ehqhw Krph frqvxphuv e| vkliwlqj roljrsro| uhqwv iurp
wkh h{sruw up wr lwv IGL ulydo1 Qr grphvwlf upv qhhg eh lqyroyhg1 Zlwk d grphvwlf
up lqvwhdg ri wkh IGL up/ zh zrxog vhw # @ 3 dqg z @ 4 vr UV + > #, zrxog
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
=53
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whup zrxog ydqlvk1
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hfwv kdyh qrw ehhq suhylrxvo| dgguhvvhg lq
wkh olwhudwxuh1
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Pdnlqj xvh ri +45,/ zh rewdlq wkh iroorzlqj uhvxow iurp +46,1
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53-7 E c  lv d prglhg frxqwhusduw ri Khospdq dqg Nuxjpdq*v +4<;<, surgxfwlrq h!flhqf| +SH,
hhfw1 Krzhyhu/ SH hhfw uhodwhv wr d grphvwlf up frpshwlqj zlwk d iruhljq up/ zkhuhdv -7 E c 
uhodwhv wr d iruhljq +IGL, up frpshwlqj zlwk dqrwkhu iruhljq +h{sruw, up1 Khqfh/ wkh zdjh0lqfrph
jdlqv +gxh wr  : , duh dgghg wr wkh SH hhfw/ dqg wkh surw jdlqv ri wkh IGL up +gxh wr 

: f,
duh vxewudfwhg iurp lw1
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Khqfh/ 

kdv wkuhh frpsrqhqwv uhodwlqj wr wkh uhqw0vkliwlqj/ qhw0pdun0xs dqg whupv0
ri0wudgh hhfwv/ uhvshfwlyho|1 Wudgh lqwhuyhqwlrq
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jhqhudoo| lpsuryhv grphvwlf
zhoiduh/ xqohvv wkh wkuhh hhfwv h{dfwo| fdqfho rxw dw iuhh wudgh154
Lq jhqhudo/ wkhuhiruh/ grphvwlf zhoiduh frqvlghudwlrqv zloo prwlydwh wudgh lqwhuyhq0
wlrqv wkdw h{sorlw wkh vwudwhjlf lqwhughshqghqfh ehwzhhq upv wr ehqhw Krph frq0
vxphuv1 Wklv lv wkh vwudwhjlf0wudgh prwlyh iru lqwhuyhqwlrq/ phdvxuhg e|
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dqg hqfrpsdvvlqj wkh UV/ QPX dqg WRW hhfwv1 Wkh vwudwhjlf0wudgh prwlyh lv zhoo
uhfrjql}hg lq wkh olwhudwxuh/ xvxdoo| lq d frqwh{w ri vwudwhjlf lqwhudfwlrq ehwzhhq grphv0
wlf dqg iruhljq upv155 Rqh frqwulexwlrq ri rxu dqdo|vlv khuh lv wr vkrz wkdw wkh prwlyh
pd| suhydlo hyhq zlwkrxw grphvwlf upv= Zlwk vwudwhjlf lqwhudfwlrq ehwzhhq iruhljq
h{sruw dqg IGL upv/ Krph surwhfwlrq wkdw vkliwv uhqwv iurp h{sruw upv wr IGL upv
pd| dovr ehqhw Krph wkurxjk h1j1 kljkhu zdjh lqfrph dqg surw wd{ uhyhqxh1
Dqrwkhu frqwulexwlrq ri rxu dqdo|vlv lv wr vkrz wkdw wkh suhvhqfh ri IGL upv pd|
dhfw wkh vwudwhjlf0wudgh prwlyh glhuhqwo| dv frpsduhg wr wkh fdvh zlwk grphvwlf upv1
Qrwlfh wkdw qrw doo ri wkh IGL upv* surwv dffuxhv wr Krph +gxh wr # A 3,/ zkhuhdv
doo ri grphvwlf upv* surwv zrxog gr +# @ 3,1 Vr UV + > #, lv vpdoohu zlwk IGL
upv lqvwhdg ri grphvwlf upv/ zlwk wkh glhuhqfh jlyhq e| #+s  ez,[
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Rq wkh rwkhu kdqg/ zlwk IGL upv wudgh lqwhuyhqwlrq jhqhudwhv dq dgglwlrqdo hhfw
QPX + > #, = Wklv pd| eh qhjdwlyh dqg dgg wr wkh lqfhqwlyhv iru lqwhuyhqwlrq1 Lq
ylhz ri +5, dqg +44e,/ wkh deryh wzr hhfwv dgg xs wr
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Ohppd 5 Kljkhu wdul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: f/ d vx!flhqw +exw qrw qhfhvvdu|, frqglwlrq iru surwhfwlrq wr eh grphvwl0
fdoo| rswlpdo

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lv wkdw lw grhv qrw lqfuhdvh wkh IGL up*v QPX ru zruvhq Krph*v WRW dw iuhh
wudgh1
55Vhh Eudqghu dqg Vshqfhu +4<;7, iru d vhplqdo frqwulexwlrq/ dqg Eudqghu +4<<8, iru d frpsuhkhqvlyh
vxuyh| ri wkh olwhudwxuh1
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Khqfh/ kljkhu wdulv kxuw IGL upv l wdulv pdnh jrrg hqrxjk vxevwlwxwhv iru surw
lqfhqwlyhv/ zklfk pd| kdsshq li #
 + , @ ! + ,1 Lq wkdw fdvh kljkhu wdulv hqdeoh Krph
wr fxw edfn vx!flhqwo| rq lwv surw lqfhqwlyhv vr wkdw rq edodqfh/ IGL upv duh zruvh
r156
Qrwlqj +44d,/ +44e, dqg +48,/ +45, fdq eh uh0zulwwhq dv
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Vlqfh wkh vljq ri
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zrxog eh }hur zlwk d grphvwlf up +#
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@ 3, dqg pd| eh
qhjdwlyh zlwk dq IGL up +Ohppd 5,/ zh rewdlq wkh iroorzlqj uhvxow=
Sursrvlwlrq 6 Wkh vwudwhjlf0wudgh prwlyh iru wdul +vxevlg|, dv phdvxuhg e|
_` E c
_ 



 'f
lv hqkdqfhg +plwljdwhg, e| wkh suhvhqfh ri IGL up lqvwhdg ri grphvwlf up l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3/ l1h1 l wdul lv d jrrg hqrxjk vxevwlwxwh iru surw lqfhqwlyh1
Wkh iroorzlqj frpsdudwlyh vwdwlf uhvxowv iroorz iurp +46,1
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Lqwxlwlyho|/ kljkhu zdjh udwh lq IGL upv jhqhudwhv d vwurqjhu zdjh0lqfrph hhfw
wkdw ehqhwv Krph1 Vr wkh grphvwlfdoo| rswlpdo wdul zloo eh kljkhu1
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lqfuhdvlqj lq e= Kljkhu oderu lqwhqvlw| lq IGL upv zloo wkhq hqdeoh Krph wr h{wudfw
pruh uhqwv iurp wkhvh upv wkurxjk wkh UV dqg QPX hhfwv1 Vr wkh grphvwlfdoo|
rswlpdo wdul zloo lqfuhdvh zlwk e1
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Lq ylhz ri +:,/ d F0jryhuqphqw pd{lpl}hv d zhljkwhg vxp ri frqvxphu zhoiduh dqg oree|
zhoiduh/ dqg fduhv uhodwlyho| pruh derxw wkh iruphu1 Ghqrwh lwv rswlpdo srolf| sdlu iru
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56Qrwh wkdw kljkhu wdulv qhfhvvdulo| uhgxfh IGL upv* qhw0pdun0xsv lq wklv fdvh1
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kdv irxu frpsrqhqwv1 Wkh uvw wkuhh uhodwh wr wkh vwudwhjlf0wudgh
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ylv d jryhuqphqw wkdw fduhv derxw oree| frqwulexwlrqv1 Dv ghqhg lq +4<,/ lw ghshqgv
rq wzr idfwruv= wkh jryhuqphqw*v srolwlfdo eldv sdudphwhu d/ dqg wkh pdujlqdo lpsdfw
ri wudgh srolf| rq djjuhjdwh oree| zhoiduh vxppdul}hg e|
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dovr uh hfwv wkh jryhuqphqw*v pdujlqdo
jdlqv iurp d jlyhq wudgh srolf| lq wkh irup ri oree| frqwulexwlrqv1 Lq wklv vhqvh lw
fdswxuhv wkh srolwlfdo prwlyh xqghuo|lqj wudgh srolf|157
Vlqfh H ? 3 +Dvvxpswlrq 6, dqg kljkhu wdul pd| ehqhw ru kxuw wkh IGL up
+Ohppd 5,/ lwv lpsdfw rq iruhljq upv dv d zkroh lv dpeljxrxv1 Iurp +<, dqg J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Ohppd 6 uhyhdov wkdw vwudwhjlf0wudgh dqg srolwlfdo prwlyhv jhqhudoo| glvwruw wudgh
srolf| dzd| iurp - lq rssrvlwh gluhfwlrqv dqg zlwk htxdo vwuhqjwk1 Wkh qh{w uhvxow lv
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A 3= Khqfh/ rswlpdo wudgh srolf| xqghu d E0 ru d F0jryhuqphqw
ghyldwhv iurp - li dqg rqo| li vxfk d ghyldwlrq kxuwv iruhljq oreelhv dv d zkroh ru/
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Dowkrxjk wkhuh pd| eh gluhfw frq lfw ri lqwhuhvwv zlwklq wkh jurxs ri iruhljq oreelhv +ehwzhhq h{sruw
dqg IGL upv,/ lw lv rqo| wkh qhw hhfw/
_uE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c wkdw frqfhuqv d srolwlfdoo|0plqghg jryhuqphqw1
Khqfh/ rqo| oreelhv prvw dhfwhg e| srolflhv lq wkhlu uhvshfwlyh lqgxvwulhv jdlq srolf| lq xhqfh dqg pdnh
wkhlu yrlfhv khdug1
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htxlydohqwo|/ ehqhwv grphvwlf frqvxphuv +zkhq wkh IGL up lv surylghg plqlpxp
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fdqfho rxw158
Wkh qh{w uhvxow vkrzv lqwhu dold krz frqfhuqv derxw oree| frqwulexwlrqv xqghu d
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Khqfh/ dq| wudgh srolf| ghyldwlrq iurp -

xqghu d F0jryhuqphqw ehduv wkh vdph
gluhfwlrq dv wkdw xqghu d E0jryhuqphqw/ exw lv vpdoohu lq pdjqlwxgh1
Wr xqghuvwdqg wkh uhvxow/ zh qrwh iurp Ohppd 7 wkdw li dq lqfuhdvh lq -

ehqhwv
frqvxphuv/ lw zloo kxuw oreelhv1 D F0jryhuqphqw eldvhg wrzdugv frqvxphuv zloo wkhuhiruh
udlvh wdul eh|rqg -

> exw wkh wdul lqfuhdvh zloo eh plwljdwhg e| lwv qhjdwlyh hhfw rq
oreelhv1 E| frpsdulvrq/ d E0jryhuqphqw qrw fdulqj derxw oree| frqwulexwlrqv zloo
wrwdoo| glvuhjdug wkh qhjdwlyh hhfw rq oreelhv1 Vr lw zloo udlvh wdul e| pruh wkdq d
F0jryhuqphqw grhv1 E| wkh vdph orjlf/ d E0jryhuqphqw  li lw fkrrvhv wr fxw wdul iurp
-

 zloo dovr fxw lw e| pruh wkdq d F0jryhuqphqw grhv1 Wkh erwwrp olqh lv wkhuhiruh
wkh iroorzlqj= Gxh wr lwv srolwlfdo eldv wrzdugv frqvxphuv/ wkh srolwlfdo prwlyh ri d F0
jryhuqphqw plwljdwhv exw grhv qrw uhyhuvh dq| vwudwhjlf0wudgh prwlydwhg ghyldwlrq iurp
-

xqghu d E0jryhuqphqw wkdw pd{lpl}hv frqvxphu zhoiduh1
9 O0jryhuqphqw E@ : 
Lq ylhz ri +:,/ dq O0jryhuqphqw dovr pd{lpl}hv d zhljkwhg vxp ri frqvxphu zhoiduh dqg
oree| zhoiduh/ exw lw fduhv uhodwlyho| pruh derxw wkh odwwhu1 Ghqrwh lwv rswlpdo srolflhv
iru vhfwru l e|
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lq +4;,1 Wkhuh duh krzhyhu wzr pdmru
glhuhqfhv1 Iluvw/ lw lv pd{lpxp surw lqfhqwlyh e! lqvwhdg ri wkh plqlpxp vfkhgxoh
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lq pdjqlwxgh/ ehfdxvh d A 41 Gxh wr wkhvh glhuhqfhv/ wkh srolwlfdo prwlyh prglhv
grphvwlfdoo| rswlpdo wudgh srolf| glhuhqwo| dv frpsduhg wr wkh fdvh ri d F0jryhuqphqw1
Wr vhh krz/ zh uvw hvwdeolvk vrph ohppdv1
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Khqfh/ rswlpdo wudgh srolf| xqghu dq O0jryhuqphqw ghyldwhv iurp - li dqg rqo| li
vxfk d ghyldwlrq ehqhwv oreelhv ru/ htxlydohqwo|/ kxuwv grphvwlf frqvxphuv +zkhq wkh
IGL up lv surylghg pd{lpxp surw lqfhqwlyh e!,= Wklv lv wkh rssrvlwh ri Ohppd 71
Lw rewdlqv ehfdxvh dq O0jryhuqphqw fduhv pruh derxw oree| frqwulexwlrqv wkdq derxw
grphvwlf zhoiduh +d A 4, =
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Khqfh/ pdujlqdo grphvwlf zhoiduh jdlqv iurp wdul ghfuhdvh zlwk surw lqfhqwlyh/ eh0
fdxvh kljkhu surw lqfhqwlyh udlvhv wkh vkduh ri dq| +pdujlqdo, jdlqv iurp wdul dffuxlqj
wr wkh IGL up1 Wklv dovr h{sodlqv wkh qh{w uhodwhg ohppd1
Ohppd :
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Wkdw lv/ pdujlqdo oree| zhoiduh jdlqv iurp wdul lqfuhdvh zlwk surw lqfhqwlyh iru
IGL1 Lqvridu dv oree| zhoiduh jdlqv hyhqwxdoo| wudqvodwh lqwr srolwlfdo jdlqv +oree| frq0
wulexwlrqv, iru wkh jryhuqphqw wkurxjk wkh wuxwkixo frqwulexwlrq vfkhphv ghqhg lq +8,/
Ohppd : vkrzv wkdw surw lqfhqwlyh dqg wdul duh srolwlfdo vxevwlwxwhv1
Zh fdq qrz vwdwh wkh pdlq uhvxow ri wklv vhfwlrq zklfk lv suryhg lq wkh dsshqgl{1
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Sursrvlwlrq 8 kdv lqwhuhvwlqj lqwhusuhwdwlrqv1 Uhodwlyh wr wkh ehqfkpdun srolf| - /
li surwhfwlrq grhv qrw ehqhw djjuhjdwh oree| lqwhuhvwv/ dq O0jryhuqphqw zloo vhw d orzhu
wdul wkdq d E0 ru d F0jryhuqphqw1 Exw lw pd| qrw vhw d kljkhu wdul hyhq li surwhfwlrq
ehqhwv djjuhjdwh oree| lqwhuhvwv1 Khqfh/ srolwlfdo eldv wrzdugv oreelhv lv pruh olnho|
wr lqgxfh d olehudo udwkhu wkdq d surwhfwlrqlvw wudgh srolf|/ uhjdugohvv ri lwv lpsdfw rq
djjuhjdwh oree| lqwhuhvwv1 Vxfk eldv dovr ohdgv wr kljkhu surw lqfhqwlyhv iru IGL1
Wr xqghuvwdqg wkh uhvxowv/ zh qrwh iurp Ohppd 8 wkdw li dq lqfuhdvh lq - grhv qrw
ehqhw oreelhv/ dq O0jryhuqphqw zloo dgrsw n  
-
 dorqj zlwk
e!= Ixuwkhu/ dq lqfuhdvh
lq - zloo qrw kxuw grphvwlf frqvxphuv dqg/ iurp Ohppd 9/ zloo fhuwdlqo| ehqhw wkhp
li surw lqfhqwlyh lv orzhuhg iurp e!/ dv lv wkh fdvh xqghu d E0jryhuqphqw1 Vlqfh d
E0jryhuqphqw pd{lpl}hv frqvxphu zhoiduh/ lw zloo wkhuhiruh dgrsw  A 
-
  
n
 = +Wkh
uhodwlyh srvlwlrq ri  ehwzhhq 

 dqg 
-
 wkhq iroorzv iurp Sursrvlwlrq 7+l,1, Dovr
dffruglqj wr Ohppd 8/ li dq lqfuhdvh lq - ehqhwv oreelhv/ dq O0jryhuqphqw zloo dgrsw
n A 
-
 dorqj zlwk
e!= Ixuwkhu/ dq lqfuhdvh lq - jlyhq e! zloo kxuw grphvwlf frqvxphuv/
vr iru wklv uhdvrq d E0jryhuqphqw pd| fxw wdul ehorz - = Krzhyhu/ d E0jryhuqphqw zloo
dovr surylgh orzhu surw lqfhqwlyh +uhodwlyh wr e!, vrphzkhuh rq wkh plqlpxp vfkhph
! + , = Wklv lqfuhdvhv wkh pdujlqdo grphvwlf zhoiduh jdlqv ri wdul dw 
-
 +Ohppd 9,/
vr d E0jryhuqphqw pd| dovr udlvh wdul eh|rqg - 1 Rq edodqfh/ lw lv wkhuhiruh xqfohdu
zkhwkhu wkh wzr rssrvlqj hhfwv ohdg wr  ? 
-
 ru qrw1 Lq frqvhtxhqfh/ wkh uhodwlrqvkls
ehwzhhq n dqg 

 dovr uhpdlqv xqfohdu1
: Glvfxvvlrq
Rxu dqdo|vlv kdv lghqwlhg wkuhh vrxufhv ri wudgh srolf| glvwruwlrqv= +l, Wkh vwudwhjlf0
wudgh prwlyh/ uh hfwhg lq
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> wr lqfuhdvh grphvwlf zhoiduh e| h{sorlwlqj vwudwh0
jlf lqwhudfwlrq dprqj upv> +ll, Wkh srolwlfdo prwlyh/ uh hfwhg lq
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> wr lqgxfh
oree| frqwulexwlrqv wkurxjk srolflhv wkdw ehqhw oreelhv> dqg +lll, Wkh srolwlfdo eldv ri
jryhuqphqw/ uh hfwhg lq d 9@ 41 Rswlpdo wudgh srolf| uh hfwv wkh lqwhudfwlrq ehwzhhq
vwudwhjlf0wudgh dqg srolwlfdo prwlyhv/ lq xhqfhg e| wkh qdwxuh ri srolwlfdo eldv1 Iljxuh
4<
5 looxvwudwhv krz1
^Lqvhuw Iljxuh 5 khuh`
Rswlpdo srolf| xqghu d E0jryhuqphqw/  > lv edvhg rq wkh vwudwhjlf0wudgh prwlyh
dorqh> wkh srolwlfdo prwlyh ydqlvkhv ehfdxvh wkh jryhuqphqw grhv qrw fduh derxw oree|
frqwulexwlrqv +d @ 3,1  pd| ghyldwh iurp 
-
 lq hlwkhu gluhfwlrq/ ehfdxvh lqfuhdvhg sur0
whfwlrq pd| ehqhw ru kxuw frqvxphuv1 Wkh ehqfkpdun srolf| - xqghu dq H0jryhuqphqw
lv fkdudfwhul}hg e| wkh devhqfh ri srolwlfdo eldv +d @ 4,/ vr wkh vwudwhjlf0wudgh dqg sr0
olwlfdo prwlyhv glvwruw srolf| lq rssrvlwh gluhfwlrqv dqg h{dfwo| rvhw hdfk rwkhu1 Xqghu
d F0jryhuqphqw/ eldv wrzdugv frqvxphuv pdnhv wkh vwudwhjlf0wudgh prwlyh grplqdqw/
exw lw lv plwljdwhg e| wkh srolwlfdo prwlyh1 Xqghu dq O0jryhuqphqw/ eldv wrzdugv ore0
elhv pdnhv wkh srolwlfdo prwlyh grplqdqw1 Krzhyhu/ wkh eldv dovr jhqhudwhv d srolf|0
vxevwlwxwlrq hhfw= Wkh jryhuqphqw dgrswv kljkhu surw lqfhqwlyh zklfk hqdeohv lw wr
orzhu wdul +ru udlvh vxevlg|,/ lqvridu dv wdul dqg surw lqfhqwlyh duh srolwlfdo vxevwl0
wxwhv +lq wkh vhqvh ri Ohppd :,1 Wkh srolf|0vxevwlwxwlrq hhfw hqkdqfhv wkh srolwlfdo
prwlyh zkhq surwhfwlrq grhv qrw ehqhw oreelhv/ dqg rssrvhv lw zkhq surwhfwlrq ehqhwv
oreelhv1 Khqfh/ lq wkh iruphu fdvh dq O0jryhuqphqw dgrswv d pruh olehudo srolf| wkdq d
E0 ru d F0jryhuqphqw1 Lq wkh odwwhu fdvh lw pd| eh pruh ru ohvv surwhfwlrqlvw wkdq d E0
ru d F0jryhuqphqw1
Iurp wklv glvfxvvlrq dqg Sursrvlwlrqv 7 dqg 8/ zh qrwh wkh iroorzlqj=
Uhpdun 4 Vwudwhjlf0wudgh prwlydwhg srolf| ghyldwlrq iurp - pd| eh plwljdwhg +xq0
ghu d F0jryhuqphqw,/ qhxwudol}hg +xqghu dq H0jryhuqphqw, ru uhyhuvhg +xqghu dq O0
jryhuqphqw, e| wkh srolwlfdo prwlyh/ ghshqglqj rq wkh qdwxuh ri srolwlfdo eldv1
Lw lv lqwhuhvwlqj wr qrwh wkdw/ xqghu d F0jryhuqphqw/ srolwlfdo prwlyh khosv sxvklqj
wudgh srolflhv forvhu wr wkh joredoo| rswlpdo rqh1 Rxu uhvxowv frqwudvw zlwk wkrvh lq wkh
h{lvwlqj srolwlfdo0hfrqrp| olwhudwxuh rq wudgh srolf|1 Wkh odwwhu w|slfdoo| suhglfw srolf|
ghyldwlrqv ehlqj hqkdqfhg e| srolwlfdo frqvlghudwlrqv1
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Uhpdun 5 Sxuho| vwudwhjlf0wudgh prwlydwhg srolf| + , lv wkh olplwlqj srolf| ri d F0
jryhuqphqw zkhq hlwkhu +l, wudgh srolf| ghyldwlrqv fdqqrw jhqhudwh dq| srolwlfdo jdlqv>
ru +ll, wkh jryhuqphqw fduhv olwwoh derxw vxfk jdlqv1
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Exw lwv srolwlfdo eldv wrzdugv oreelhv jhqhudwhv d srolf|0vxevwlwxwlrq hhfw= Wkh O0
jryhuqphqw surylghv juhdwhu surw lqfhqwlyh wkdq d E0jryhuqphqw/ vr lw zloo dgrsw orzhu
wdul1 Frqvhtxhqwo|/ zh rewdlq n ? 

 lq wklv fdvh1
Ilqdoo|/ iurp +4:, dqg +53, zh rewdlq wkh iroorzlqj frpsdudwlyh vwdwlf uhvxow1
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Khqfh/ li oreelhv dv d zkroh ehqhw +vxhu, iurp kljkhu wdul/ wkhq wkh rswlpdo wdul
xqghu d F0jryhuqphqw ru dq O0jryhuqphqw lqfuhdvhv +ghfuhdvhv, zlwk lwv srolwlfdo eldv
wrzdugv oreelhv/ d1 Wr xqghuvwdqg wklv uhvxow dqg lwv lpsolfdwlrqv/ zh qrwh iurp +4;, dqg
+54, wkdw d dhfwv  dqg 
n
 gluhfwo| wkurxjk wkh srolwlfdo frpsrqhqw SR + > # + ,,1
Wklv whup plwljdwhv vwudwhjlf0wudgh prwlydwhg ghyldwlrq xqghu d F0jryhuqphqw dqg pd|
uhyhuvh lw xqghu dq O0jryhuqphqw1 SR + > # + ,, ehduv wkh vdph vljq dv
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dqg/ doo hovh htxdo/ lqfuhdvhv lq pdjqlwxgh dv d ulvhv1 Khqfh/ lqfuhdvhg eldv wrzdugv
oreelhv xqghu d F0jryhuqphqw uhgxfhv dq| srolf| ghyldwlrq/ vr wkdw  $ 
-
 dv d$ 4=
Xqghu dq O0jryhuqphqw/ krzhyhu/ lqfuhdvhg eldv wrzdugv oreelhv pd| hqkdqfh srolf|
ghyldwlrq +zkhq surwhfwlrq kxuwv oreelhv,1
; Frqfoxvlrq
Wklv sdshu kdv ghyhorshg d xqlhg iudphzrun wr dqdo|}h krz vwudwhjlf0wudgh dqg srolwl0
fdo prwlyhv iru wudgh lqwhuyhqwlrq pd| lqwhudfw wr vkdsh xqlodwhudo wudgh srolf|1 Wkh uroh
ri IGL lq dhfwlqj wkh vwudwhjlf dqg srolwlfdo lqfhqwlyhv iru xqlodwhudo wudgh lqwhuyhqwlrq lv
dovr wdnhq lqwr dffrxqw1 Zh kdyh vkrzq krz/ e| h{sorlwlqj vwudwhjlf lqwhudfwlrq ehwzhhq
iruhljq h{sruw dqg IGL upv/ xqlodwhudo wudgh lqwhuyhqwlrq pd| lpsuryh joredo dv zhoo
dv grphvwlf zhoiduh1 Ixuwkhu/ wkh vwudwhjlf0wudgh prwlyh pd| suhydlo hyhq zlwkrxw gr0
phvwlf upv/ dqg pd| eh hqkdqfhg e| wkh suhvhqfh ri IGL upv1 Srolwlfdo frqfhvvlrq wr
vshfldo lqwhuhvwv pd| plwljdwh/ qhxwudol}h ru hyhq uhyhuvh dq| vwudwhjlf0wudgh0prwlydwhg
srolf| glvwruwlrqv1 Zlwk erwk wudgh dqg lqgxvwuldo srolflhv dydlodeoh iru lqfrph wudqv0
ihu/ d jryhuqphqw fdulqj pruh derxw iruhljq upv wkdq derxw grphvwlf frqvxphuv qhhg
qrw eh pruh surwhfwlrqlvw/ dqg pd| lqghhg eh pruh olehudo/ wkdq d jryhuqphqw zklfk
pd{lpl}hv grphvwlf zhoiduh dorqh1
Wkh sdshu frxog eh h{whqghg lq vhyhudo gluhfwlrqv1 D jhqhudo h{whqvlrq lv wr frq0
vlghu elodwhudo srolf|0vhwwlqj zkhuh wkh iruhljq frxqwu| lv dovr uhsuhvhqwhg e| dq dfwlyh
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jryhuqphqw dqg frqvxphuv/ lq dgglwlrq wr upv1 Rq wkh vwudwhjlf0wudgh vlgh/ grphvwlf
upv frxog eh lqwurgxfhg zklfk frpshwh rq wkh iruhljq pdunhw1 Rqh frxog shukdsv dovr
frqvlghu pxowl0up roljrsro| dqg iuhh hqwu|1 Rq wkh srolwlfdo0hfrqrp| vlgh/ rqh frxog
doorz iru dv|pphwulf ydoxdwlrq ri wkh srolwlfdo frqwulexwlrqv ri h{sruw dqg IGL upv1
Rqh frxog dovr lqwurgxfh oree|lqj e| grphvwlf upv1 Ilqdoo|/ rqh frxog frqvlghu wkh
srolf| jdph lq d uhshdwhg vhwwlqj1 Wkhvh h{whqvlrqv surylgh gluhfwlrqv iru ixwxuh zrun1
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Frxuqrw frpshwlwlrq1 Lq wklv fdvh/ dq IGL up fkrrvhv[ wr pd{lpl}h surwv hI +[>P, @
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hIf @ s ez. hsf[ @ 3> +55d,
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zkhuh hIf ghqrwhv wkh sduwldo ghulydwlyh ri hI z1u1w1 [/ hwf11 Wkh vhfrqg0rughu frqglwlrqv
duh hIff ? 3 dqg hH ? 3= Wkh Frxuqrw htxloleulxp vwdelolw| frqglwlrq lv hIff hH
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[
 +, @
hH
hIf
G
A 3> +56d,
P
 +, @ 
hH
hIff
G
? 3= +56e,
Khqfh/
[
 +, .P  +, @
hH
G
^+hs  5hsf, .[ +hsf  hsff,` ? 3> +57,
5; Lq uhdolw|/ dq IGL up pd{lpl}hv  h8 zkhuh  lv wkh surw uhwhqwlrq udwh1 Zh gurs  khuh wr vlpsoli|
wkh dojheud1
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dvvxplqj hsf  hs dqg hsff  hsf  3> l1h1 rzq hhfwv duh qrw zhdnhu wkdq furvv
hhfwv lq pdjqlwxgh dqg hs lv qrw vwulfwo| frqyh{ lq [1 Frpelqlqj +57, zlwk [  +, A 3
dqg P  +, ? 3 hvwdeolvkhv +6d,1
Qh{w/ zh qrwlfh
s +, @ hsf[
 +, . hsP
 +, > +58d,
t +, @ htf[
 +, . htP
 +, = +58e,
Lq olqh zlwk wkh suhylrxv dvvxpswlrq hsf  hs > zh dovr dvvxph ht  htf = Wkhq/ pdnlqj
xvh ri +56d,/ +56e, dqg +57,/ +58e, lpsolhv t +, A 3= +58d, lpsolhv s +, A 3 surylghg
[ dqg P duh forvh hqrxjk vxevwlwxwhv vxfk wkdw hsf dqg hs duh qrw wrr glhuhqw=
hR
hRf
5

f
3 
> 4

=
Ilqdoo|/ +58d, dqg +58e, lpso|
t +, s +, @ +htf  hsf,[  . +ht  hs ,P  +, A 3> +59,
dvvxplqj hsf  htf dqg ht  hs zlwk dw ohdvw rqh vwulfw lqhtxdolw|/ l1h1 rzq hhfwv
duh qrw zhdnhu wkdq furvv hhfwv lq pdjqlwxgh1 Frpelqlqj +59, zlwk t +, A 3 dqg
s +, A 3 hvwdeolvkhv +6e,1
Ehuwudqg frpshwlwlrq1 Lq wklv fdvh/ dq IGL up fkrrvhv s wr pd{lpl}h lwv suri0
lwv eI +s> t, @ ^s ez` e[ +s> t, > dqg dq h{sruw up fkrrvhv t wr pd{lpl}h lwv surwv
eH +s> t, @ ^+4 , t  f`fP +s> t,1 Wkh uvw0rughu frqglwlrqv duh
eIR @ [ . +s ez, e[R @ 3> +5:d,
eH^ @ +4 ,P . ^+4 , t  f`fP^ @ 3= +5:e,
Wkh vhfrqg0rughu frqglwlrqv duh eIRR ? 3 dqg eH^^ ? 3= Wkh Ehuwudqg htxloleulxp vwdelolw|
frqglwlrq lv eIRR eH^^  eIR^ eH^R  eG A 3= Zlwk Ehuwudqg frpshwlwlrq/ lw lv qdwxudo wr
dvvxph s dqg t duh vwudwhjlf frpsohphqwv vr wkdw eIR^ A 3 dqg eH^R A 3= Ixuwkhu/ +55e,
lpsolhv eH^ @ P . tfP^ @ Sf^3 A 3= Zh fdq qrz wrwdoo| glhuhqwldwh +5:d, dqg
+5:e, wr qg
s +, @
eH^ eIR^eG A 3> +5;d,
t +, @ 
eH^ eIRReG A 3= +5;e,
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Khqfh/
t + , s +, @ 
eH^eG
k e[^ . 5 e[R. +s ez, e[R^ . e[RRl A 3> +5<,
dvvxplqj
 e[R
   e[^
 dqg e[RR  e[R^  3> l1h1 rzq hhfwv duh qrw zhdnhu wkdq furvv
hhfwv lq pdjqlwxgh dqg e[ lv qrw vwulfwo| frqyh{ lq s1 Frpelqlqj +5<, zlwk t +, A 3
dqg s +, A 3 hvwdeolvkhv +6e,1
Qh{w/ zh qrwlfh
[  +, @ e[Rs +, . e[^t +, > +63d,
P  +, @ fPRs +, . fP^t +, = +63e,
Lq olqh zlwk wkh suhylrxv dvvxpswlrq
 e[R
   e[^
 > zh dovr dvvxph fP^
  fPR
 = Wkhq/
pdnlqj xvh ri +5;d,/ +5;e, dqg +5<,/ +63e, lpsolhv P  +, ? 3= +63d, lpsolhv [  +, A 3
surylghg [ dqg P duh forvh hqrxjk vxevwlwxwhv vxfk wkdw
 e[R
 dqg  e[^
 duh qrw wrr
glhuhqw=
ef^
3 efR
5

R
^
> 4

=
Ilqdoo|/ +58d, dqg +58e, lpso|
[  +, .P  +, @
 e[R . fPR s .  e[^ . fP^ t ? 3> +64,
dvvxplqj
 e[R
  fPR
 dqg fP^
   e[^
 zlwk dw ohdvw rqh vwulfw lqhtxdolw|/ l1h1 rzq
hhfwv duh qrw zhdnhu wkdq furvv hhfwv lq pdjqlwxgh1 Frpelqlqj +64, zlwk [  +, A 3
dqg P  +, ? 3 hvwdeolvkhv +6d,1
Surri ri Ohppd 7
Qrwh wkdw
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
-


g 
T 3=
Vwhs +l, iroorzv iurp wkh uvw0 dqg vhfrqg0rughu frqglwlrqv iru 

wr eh grphvwlfdoo|
rswlpdo1 Vwhs +ll, iroorzv iurp Ohppd 61 Vlploduo|/ zh qrwh wkdw



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/
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
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
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U
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g 
U 3=
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Vwhs +l, iroorzv iurp wkh uvw0 dqg vhfrqg0rughu frqglwlrqv iru 

wr eh rswlpdo xqghu
d F0jryhuqphqw1 Vwhs +ll, iroorzv iurp h{sdqglqj
_ hC+- c+
-
 ,(@	,
_ 
> zkhuh zh qrwh iurp
+:, dqg +<, wkdw hJ @ J . +d 4,O> dqg pruhryhu J -  @ 3 dqg d ? 4= Vwhs +lll,
iroorzv iurp Ohppd 6=
Surri ri Sursrvlwlrq 7
Qrwlfh wkdw
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J
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A 3
E
/ 

 ? 

 =
Vwhs +l, iroorzv iurp wkh uvw0 dqg vhfrqg0rughu frqglwlrqv iru - wr eh joredoo| rswlpdo1
Vwhs +ll, iroorzv iurp uh0zulwlqj +4:,/ zkhuh zh qrwh iurp +<, wkdw O @ J Z / dqg
pruhryhu d ? 4= Vwhs +lll, iroorzv iurp wkh uvw0 dqg vhfrqg0rughu frqglwlrqv iru  wr
eh grphvwlfdoo| rswlpdo1 Iroorzlqj wkh vdph vwhsv rqh fdq vkrz  ? 
-
 / 

 A 


dqg  @ 
-
 / 

 @ 

 = Vlqfh !

 + , ? 3 e| Ohppd 4/ zh rewdlq !

 @!


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U
!



@ ! dffruglqj dv 

 T 

 =
Surri ri Ohppd 8
Qrwlfh wkdw
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U
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
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T 3=
Vwhs +l, iroorzv iurp wkh uvw0 dqg vhfrqg0rughu frqglwlrqv iru n wr eh rswlpdo xqghu
dq O0jryhuqphqw1 Vwhs +ll, iroorzv iurp h{sdqglqj
_ hC+- c
e

(@:,
_ 
> zkhuh zh qrwh iurp
+:, dqg +<, wkdw hJ @ J . +d 4,O> dqg pruhryhu J -  @ 3 dqg d A 4= Vwhs +lll,
iroorzv iurp Ohppd 6=
Surri ri Sursrvlwlrq 8
Qrwlfh wkdw li
_u+- c
e
,
_ 
 3> wkhq

n
  
-
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/
gZ

- >
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g 
 3
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
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
g 
A
gZ

- >
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
g 
 3
E
/ 
-
 ? 

 =
Vwhs +4, iroorzv iurp Ohppd 81 Vwhs +5, iroorzv iurp Ohppd 9 dqg !

-


? e!

1
Vwhs +6, iroorzv iurp wkh uvw dqg vhfrqg0rughu frqglwlrqv iru 

wr eh rswlpdo xqghu d
E0jryhuqphqw1 Qrz pdnlqj xvh ri Sursrvlwlrq 7+l,/ zh rewdlq Sursrvlwlrq 8+l,1
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Vlploduo|/ iurp Ohppd 8 zh nqrz wkdw li
_u+- ce,
_ 
A 3> wkhq
n A 
-
 /
gZ

- >
e!

g 
? 3=
Iurp Ohppd 9 dqg !



? e! zh dovr nqrz wkdw
gZ

 >
e!

g 
?
gZ

 > !



g 
@ 3=
Khqfh/ zh fdqqrw ghwhuplqh zklfk ri - dqg 

 lv odujhu1 Qru fdq zh ghwhuplqh zkhwkhu
n A 

 ru qrw1 Wklv hvwdeolvkhv Sursrvlwlrq 8+ll,1
Ilqdoo|/ Sursrvlwlrq 8+lll, iroorzv iurp !n @
e! A !   @ ! dqg !n @ e! A
!



@ ! =
Uhihuhqfhv
^4` Ehuqkhlp/ Grxjodv dqg Plfkdho G1 Zklqvwrq1 4<;91 Phqx dxfwlrqv/ uhvrxufh door0
fdwlrq/ dqg hfrqrplf lq xhqfh1 Txduwhuo| Mrxuqdo ri Hfrqrplfv/ Iheuxdu|/ 40641
^5` Eudqghu/ Mdphv D1 4<<81 Vwudwhjlf wudgh srolf|/ lq Jhqh P1 Jurvvpdq dqg Nhq0
qhwk Urjr +hgv1,/ Kdqgerrn ri Lqwhuqdwlrqdo Hfrqrplfv/ yro1 LLL1 Dpvwhugdp=
Qruwk0Kroodqg1
^6` Eudqghu/ Mdphv D1 dqg Eduedud M1 Vshqfhu1 4<;71 Wdul surwhfwlrq dqg lpshuihfw
frpshwlwlrq/ lq K1 Nlhu}nrzvnl +hg1,/ Prqrsrolvwlf Frpshwlwlrq dqg Lqwhuqdwlrqdo
Wudgh/ R{irug= R{irug Xqlyhuvlw| Suhvv1
^7` Hdwrq/ Mrqdwkdq dqg Jhqh P1 Jurvvpdq1 4<;91 Rswlpdo wudgh dqg lqgxvwuldo
srolf| xqghu roljrsro|1 Txduwhuo| Mrxuqdo ri Hfrqrplfv/ Pd|/ 5= 6;607391
^8` Jrogehuj/ Slqhorsl N1 dqg Jlrydqql Pdjl1 4<<<1 Surwhfwlrq iru vdoh= Dq Hpslulfdo
Lqyhvwljdwlrq1 Dphulfdq Hfrqrplf Uhylhz/ Ghfhpehu/ ;<+8,/ 4468044881
^9` Jurvvpdq/ Jhqh P1 dqg Hokdqdq Khospdq1 4<<71 Surwhfwlrq iru vdoh1 Dphulfdq
Hfrqrplf Uhylhz/ Vhswhpehu/ ;7+7,/ ;660;831
^:` Jurvvpdq/ Jhqh P1 dqg Hokdqdq Khospdq1 4<<8d1 Wudgh zduv dqg wudgh wdonv1
Mrxuqdo ri Srolwlfdo Hfrqrp|/ Dxjxvw/ 436+7,= 9:80:3;1
59
^;` Jurvvpdq/ Jhqh P1 dqg Hokdqdq Khospdq1 4<<8e1 Wkh srolwlfv ri iuhh0wudgh djuhh0
phqwv1 Dphulfdq Hfrqrplf Uhylhz/ Vhswhpehu/ ;8+7,/ 99:09<31
^<` Jurvvpdq/ Jhqh P1 dqg Hokdqdq Khospdq1 4<<91 Hohfwrudo frpshwlwlrq dqg vsh0
fldo lqwhuhvw srolwlfv1 Uhylhz ri Hfrqrplf Vwxglhv/ 96/ 5980;91
^43` Khospdq/ Hokdqdq1 4<<81 Srolwlfv dqg wudgh srolf|1 FHSU Glvfxvvlrq Sdshu Qr1
459<1
^44` Khospdq/ Hokdqdq dqg Sdxo U1 Nuxjpdq1 4<;<1 Wudgh Srolf| dqg Pdunhw Vwuxfwxuh1
Fdpeulgjh/ PD1= Wkh PLW Suhvv1
^45` Mrkqvrq/ Kduu| J1 4<871 Rswlpxp wdulv dqg uhwdoldwlrq1 Uhylhz ri Hfrqrplf
Vwxglhv/ 54+5,/ 47504861
^46` Urguln/ Gdql1 4<<81 Srolwlfdo hfrqrp| ri wudgh srolf|/ lq Jhqh P1 Jurvvpdq dqg
Nhqqhwk Urjr +hgv1,/ Kdqgerrn ri Lqwhuqdwlrqdo Hfrqrplfv/ yro1 LLL1 Dpvwhugdp=
Qruwk0Kroodqg1
^47` Zdqj/ Oldqvkhqj1 4<<91 Surwhfwlrq dv surprwlrq ri iruhljq lqyhvwphqw1 plphr/
Xqlyhuvlw| ri Rvor1
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